Solution: Here are two approaches. Note that equality holds only if all the b j 's are equal.
METHOD 1. The most naive approach is probably by induction on n. The assertion is clearly true when n = 1. Let B = (b 1 + · · · + b n )/n. Say the desired inequality b 1 b 2 · · · b n ≤ B n holds for a certain n (our induction hypothesis). Using this we find that
so we will be done if we can show that
(one can interpret this as reducing (1) for n + 1 terms to the special case when
. At this point, we could stop since this inequality is a special case of Problem #2 below where s = B, t = b n+1 , and c = n/(n + 1). Instead, we proceed directly.
Divide both sides of (3) by B to get the equivalent
To simplify, let x := b n+1 /B, so we need to show that (7) with c = n/(n + 1)]. Since I don't like roots, let x := y n+1 . After some algebra we must show that
Using indection on n, the case n = 0 is obvious. Thus, assuming (5) we need to show that
Using (5) this is equivalent to y − 1 ≤ y n+1 − y n = (y − 1)y n , which is obvious if one separately considers the cases y ≥ 1 and 0 < y < 2. Let 0 < c < 1. Show that s c t 1−c < cs + (1 − c)t for all s, t > 0, s = t (if s = t , then this becomes an equality).
Solution:
Dividing both sides by s, this inequality is equivalent to
where 0 < x = t/s = 1. 
where in the last inequality one considers the cases x > 1 and x < 1 separately. 
